
1. Brownian Motion: The Foundation
When you look at a stock’s price over time, it doesn't move in a straight line. Instead, it 
fluctuates, moving up and down in an unpredictable manner. This kind of movement can be 
modeled using Brownian Motion, a fundamental stochastic process.

1.1 What is Brownian Motion?

Brownian Motion models the random movement observed in particles suspended in a fluid, and 
in finance, it models the random fluctuations of asset prices over time.

Mathematical Definition:

A Brownian motion $ W_t $ satisfies the following conditions:

1. Initial Condition: $ W_0 = 0 $, meaning the process starts at zero.
2. Independent Increments: For any $ t_1 < t_2 < \dots < t_n $ , the increments $ W_{t_2} - 

W_{t_1}, W_{t_3} - W_{t_2}, \dots, W_{t_n} - W_{t_{n-1}} $ are independent.
3. Normally Distributed Increments: Each increment $ W_{t_{i+1}} - W_{t_i} $ follows a 

normal distribution with mean 0 and variance $ t_{i+1} - t_i $.

In mathematical terms:

W t∼N (0 , t )

This equation implies that the value of (W_t) at time (t) is normally distributed with mean 0 and 
variance $ t $.

1.2 Brownian Motion in Finance

In finance, Brownian Motion is used to model the random movements of asset prices. The 
unpredictable nature of stock prices can be captured effectively using this model. Each potential 
price path of a stock can be seen as a sample path of Brownian Motion.

1.3 Python Implementation: Simulating Brownian Motion

Let’s simulate Brownian Motion using Python to visualize how it behaves:

import numpy as np
import matplotlib.pyplot as plt

# Parameters
T = 1.0  # Time horizon (e.g., 1 year)
N = 1000  # Number of time steps
dt = T/N  # Time step size
t = np.linspace(0, T, N+1)  # Time grid

# Simulating Brownian Motion
np.random.seed(42)



W = np.zeros(N+1)
W[1:] = np.cumsum(np.sqrt(dt) * np.random.randn(N))

# Plotting the Brownian Motion
plt.plot(t, W)
plt.title('Simulated Brownian Motion')
plt.xlabel('Time')
plt.ylabel('W(t)')
plt.show()

Explanation:

• Time Horizon (T): The total time period for which the motion is observed.
• Number of Time Steps (N): The number of discrete intervals within the time horizon.
• Time Grid (t): A sequence of time points where the motion is evaluated.
• Cumulative Sum: Brownian Motion is constructed as a cumulative sum of random 

increments, each drawn from a normal distribution with mean 0 and variance 
proportional to the time step (dt).

Visualization:

The plot shows a single sample path of Brownian Motion. The path is continuous and exhibits 
the random, zigzagging pattern characteristic of stock price movements.



2. Addressing the Limitations: From Brownian 
Motion to Geometric Brownian Motion (GBM)
While Brownian Motion is useful, it has a significant limitation for financial applications: it can 
take negative values, which isn’t realistic for asset prices. To overcome this, we use Geometric 
Brownian Motion (GBM), which ensures that prices remain positive.

2.1 What is Geometric Brownian Motion?

Geometric Brownian Motion (GBM) is an extension of Brownian Motion that models the 
logarithm of the asset price as a Brownian Motion. This transformation ensures that the asset 
price remains positive, making it more suitable for financial modeling.

The stochastic differential equation (SDE) that defines GBM is:

d S t=μS td t+σ St dW t

Where:

• St is the asset price at time t .
• $ \mu $ is the drift term, representing the expected return.
• σ  is the volatility term, representing the standard deviation of returns.
• dW t  is the increment of Brownian Motion.

The solution to this SDE gives the asset price as:

St=S0 exp((μ− σ22 ) t+σW t)
2.2 Why GBM is Crucial in Finance

GBM is crucial because it addresses the limitations of Brownian Motion:

• Non-negativity: GBM ensures that asset prices remain positive.
• Log-normal Distribution: The model implies that asset prices follow a log-normal 

distribution, which aligns with empirical observations of financial markets.

2.3 Python Implementation: Simulating Geometric Brownian Motion

Let’s simulate a Geometric Brownian Motion in Python:

import numpy as np
import matplotlib.pyplot as plt

# Parameters for GBM
S0 = 100  # Initial stock price
mu = 0.05  # Drift coefficient
sigma = 0.2  # Volatility coefficient
T = 1.0  # Time horizon (e.g., 1 year)



N = 1000  # Number of time steps
dt = T/N  # Time step size
t = np.linspace(0, T, N+1)  # Time grid

# Simulating Geometric Brownian Motion
np.random.seed(42)
W = np.random.randn(N)
W = np.cumsum(W) * np.sqrt(dt)  # Brownian Motion
S = S0 * np.exp((mu - 0.5 * sigma**2) * t[1:] + sigma * W)

# Plotting the Geometric Brownian Motion
plt.plot(t[1:], S)
plt.title('Simulated Geometric Brownian Motion')
plt.xlabel('Time')
plt.ylabel('Stock Price')
plt.show()

Explanation:

• Initial Stock Price S0: The price of the asset at the starting time.
• Drift Term μ: Represents the expected return of the asset.
• Volatility Term σ : Represents the uncertainty or risk associated with the asset’s returns.
• Brownian Motion W t : The random component driving the uncertainty in the stock price.



Visualization:

The plot shows a simulated stock price path under Geometric Brownian Motion. Unlike 
Brownian Motion, GBM models the price so that it remains positive, which is a more realistic 
reflection of actual financial markets.

3. Geometric Brownian Motion in Asset 
Pricing: The Black-Scholes-Merton Model
One of the most significant applications of Geometric Brownian Motion in finance is in the 
Black-Scholes-Merton model, which is used for pricing European options.

3.1 Overview of the Black-Scholes-Merton Model

The Black-Scholes-Merton model is a mathematical framework for pricing European-style 
options, assuming that the underlying asset price follows a Geometric Brownian Motion. This 
model was revolutionary because it provided a closed-form solution for option prices, allowing 
traders to determine the fair value of an option.

The formula for a European call option under the Black-Scholes-Merton framework is:

C (S t ,t )=S tΦ (d1 )−K e−r (T− t )Φ (d2 )

Where:

• d1=
ln (St /K )+(r+0.5σ2 ) (T −t )

σ √T − t
• d2=d1−σ √T − t
• C (S t ,t ) is the price of the call option at time t .

• St is the current price of the underlying asset.
• K  is the strike price.
• T  is the time to maturity.
• r  is the risk-free interest rate.
• σ  is the volatility of the asset's returns.
• Φ (⋅ ) is the cumulative distribution function of the standard normal distribution.

3.2 Python Implementation: Calculating the Black-Scholes Call Option Price

Here’s how you can calculate the price of a European call option using the Black-Scholes formula 
in Python:

from scipy.stats import norm
import numpy as np

def black_scholes_call(S, K, T, r, sigma):



    d1 = (np.log(S / K) + (r + 0.5 * sigma**2) * T) / (sigma * 
np.sqrt(T))
    d2 = d1 - sigma * np.sqrt(T)
    call_price = S * norm.cdf(d1) - K * np.exp(-r * T) * norm.cdf(d2)
    return call_price

# Parameters
S = 100  # Current stock price
K = 100  # Strike price
T = 1.0  # Time to maturity (1 year)
r = 0.05  # Risk-free rate
sigma = 0.2  # Volatility

# Calculate the call option price
call_price = black_scholes_call(S, K, T, r, sigma)
print(f"The Black-Scholes call option price is: {call_price:.2f}")

The Black-Scholes call option price is: 10.45

Explanation:

• Logarithmic Function $ \ln(S/K) $: Captures the relative position of the stock price to the 
strike price.

• Risk-Free Rate (r ): Represents the rate at which money can be borrowed or invested 
without risk.

• Cumulative Distribution Function (Φ (d1 )) and (Φ (d2 )): These functions represent the 
probability that the option will end up in the money.

Interpretation:

This implementation computes the price of a European call option, assuming the underlying 
stock follows a Geometric Brownian Motion. The formula provides the fair price of the option 
based on the current stock price, the strike price, the time to maturity, the risk-free rate, and the 
volatility.

4. The Significance of Geometric Brownian 
Motion in Finance
Understanding Geometric Brownian Motion is crucial for anyone working in finance, especially in 
areas like asset pricing, risk management, and derivative pricing. GBM is not just a theoretical 
model; it is a practical tool used to make real-world financial decisions.

4.1 Why Learn GBM?
• Modeling Realistic Price Movements: GBM models asset prices in a way that reflects 

real market conditions, including the randomness and volatility inherent in financial 
markets.



• Foundation of Derivative Pricing: GBM is the basis for many derivative pricing models, 
including the Black-Scholes-Merton model. Understanding GBM is essential for grasping 
these more advanced concepts.

• Risk Management: GBM is used in risk management to simulate possible future price 
paths of assets, helping assess potential risks and develop hedging strategies.

Conclusion

Geometric Brownian Motion is a cornerstone of financial modeling. By mastering this concept, 
you gain the ability to model the randomness of asset prices, price derivatives accurately, and 
make informed financial decisions. Whether you are a quantitative analyst, a risk manager, or an 
investor, understanding GBM will enhance your analytical skills and provide deeper insight into 
the behavior of financial markets.

This detailed guide has covered the theory behind Brownian Motion and Geometric Brownian 
Motion, their applications in finance, and practical Python implementations. With this 
knowledge, you are well-equipped to tackle more complex financial models and strategies.
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