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1 Introduction

In the complex world of financial derivatives, option pricing stands as a cornerstone of risk management
and trading strategies. At the heart of option pricing lies the concept of volatility - a measure of the
uncertainty or risk associated with the magnitude of changes in an asset’s value. This comprehensive
guide delves deep into three primary volatility models used in option pricing: the constant volatility
model, the local volatility model, and the stochastic volatility model.

Understanding these models is crucial for any practitioner in the field of quantitative finance. Each
model offers unique insights and applications, with its own set of strengths and limitations. By thor-
oughly exploring each model, we aim to provide a robust framework for selecting the most appropriate
approach for various market scenarios and option types.
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2 Constant Volatility Model

2.1 Definition

The constant volatility model, most famously embodied in the Black-Scholes-Merton (BSM) framework,
is the cornerstone of option pricing theory. This model assumes that the volatility of the underlying asset
remains constant over the lifetime of the option. In essence, it posits that the asset’s price follows a
geometric Brownian motion with a fixed volatility parameter.

Mathematically, the underlying asset price S is assumed to follow the stochastic differential equation:

dSt = µStdt+ σStdWt (1)

Where:

• St is the asset price at time t

• µ is the drift (expected return) of the asset

• σ is the constant volatility

• Wt is a standard Wiener process (Brownian motion)

2.2 Key Equations

The Black-Scholes-Merton partial differential equation (PDE) for option pricing is:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0 (2)

Where:

• V is the option price
• S is the underlying asset price
• r is the risk-free interest rate
• σ is the constant volatility
• t is time

The analytical solution for a European call option price is given by:

C = SN(d1)−Ke−rTN(d2) (3)

Where:

d1 =
ln(S/K) + (r + σ2/2)T

σ
√
T

(4)

d2 = d1 − σ
√
T (5)

And:

• C is the call option price
• S is the current stock price
• K is the strike price
• r is the risk-free interest rate
• T is the time to maturity
• N(·) is the cumulative standard normal distribution function
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2.3 Assumptions

The constant volatility model rests on several key assumptions:

1. Constant Volatility: The volatility of the underlying asset remains fixed over time. This is the
central and most critiqued assumption of the model.

2. Lognormal Distribution: Asset prices are assumed to follow a lognormal distribution. This implies
that returns are normally distributed, which may not hold in real markets, especially during extreme
events.

3. Efficient Markets: The model assumes that markets are efficient, implying that all available infor-
mation is already reflected in the asset price.

4. No Arbitrage: The market is free of arbitrage opportunities, allowing for risk-neutral pricing.

5. Continuous Trading: Trading can occur continuously, and the asset price moves continuously (no
jumps).

6. No Transaction Costs or Taxes: The model ignores transaction costs and taxes, which can signifi-
cantly impact real-world trading strategies.

7. Risk-Free Rate: A constant, known risk-free rate is available for borrowing and lending.

8. No Dividends: The underlying asset does not pay dividends. (This assumption can be relaxed with
a slight modification to the model.)

2.4 Limitations

Despite its widespread use, the constant volatility model has several significant limitations:

1. Volatility Smile and Skew: In reality, implied volatilities derived from market prices often exhibit
a ”smile” or ”skew” across different strike prices, contradicting the constant volatility assumption.

2. Term Structure of Volatility: The model fails to capture the term structure of volatility, where
volatility may vary for different option maturities.

3. Fat Tails: Real market returns often exhibit fat tails (more extreme events) compared to the normal
distribution assumed by the model.

4. Volatility Clustering: Financial markets often experience periods of high volatility followed by
periods of low volatility, a phenomenon not captured by the constant volatility assumption.

5. Regime Changes: The model cannot account for sudden changes in market regimes or conditions
that might affect volatility.

6. Path Dependence: For path-dependent options, the constant volatility assumption can lead to
significant mispricing.

7. Leverage Effect: The model doesn’t capture the observed negative correlation between asset re-
turns and volatility (leverage effect).

8. Long-Term Inaccuracy: For long-dated options, the constant volatility assumption becomes in-
creasingly unrealistic.

2.5 When to Use

Despite its limitations, the constant volatility model remains useful in certain scenarios:

1. Short-Term, At-the-Money Options: For options close to expiry and near the current market price,
the constant volatility assumption may hold reasonably well over short periods.
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2. Stable Market Conditions: In periods of relative market calm, when volatility is not fluctuating
dramatically, the model can provide good approximations.

3. Quick Estimates: When rapid, approximate pricing is needed, the model’s simplicity and closed-
form solutions make it invaluable.

4. Benchmark Comparisons: As a baseline for comparing more complex models or for understanding
the impact of relaxing various assumptions.

5. Educational Purposes: For teaching fundamental option pricing concepts and the basics of finan-
cial modeling.

6. Liquid, Efficient Markets: In highly liquid markets where prices adjust quickly to new information,
the model’s assumptions may be more reasonable.

7. Delta Hedging Strategies: For designing basic delta hedging strategies, especially for short-term
horizons.

8. Vanilla Options: Standard call and put options, particularly when not deep in-the-money or out-
of-the-money.

3 Local Volatility Model

3.1 Definition

The local volatility model, introduced by Bruno Dupire and Emanuel Derman in the 1990s, extends the
constant volatility framework by allowing volatility to be a deterministic function of the underlying asset
price and time. This approach aims to capture the observed volatility smile and term structure in option
markets while maintaining a relatively tractable framework.

In the local volatility model, the underlying asset price is assumed to follow the stochastic differential
equation:

dSt = µ(St, t)Stdt+ σ(St, t)StdWt (6)

Where:

• St is the asset price at time t

• µ(St, t) is the drift term, which can depend on the asset price and time

• σ(St, t) is the local volatility function, dependent on asset price and time

• Wt is a standard Wiener process

3.2 Key Equations

The cornerstone of the local volatility model is Dupire’s formula, which allows the extraction of the local
volatility function from observed option prices:

σ2(K,T ) =
∂C
∂T

+ rK ∂C
∂K

1
2
K2 ∂2C

∂K2

(7)

Where:

• σ(K,T ) is the local volatility function

• K is the strike price

• T is the time to maturity
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• C is the call option price

• r is the risk-free interest rate

The partial differential equation (PDE) for option pricing under the local volatility model is:

∂V

∂t
+

1

2
σ2(S, t)S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0 (8)

This PDE is similar to the Black-Scholes-Merton equation, but with σ replaced by the local volatility
function σ(S, t).

3.3 Assumptions

The local volatility model makes several key assumptions:

1. Deterministic Volatility Surface: Volatility is a deterministic function of the underlying asset price
and time, implying that the entire volatility surface can be known in advance if we know the current
state.

2. No Volatility Risk Premium: The model assumes that volatility risk is not priced in the market,
which may not hold in reality.

3. Complete Market: The model assumes that the market is complete, meaning all contingent claims
can be perfectly hedged using the underlying asset and a risk-free bond.

4. Continuous Asset Price Path: The asset price is assumed to follow a continuous path with no
jumps.

5. Risk-Neutral Pricing: Like the constant volatility model, local volatility models typically employ
risk-neutral pricing techniques.

6. Perfect Liquidity: The model assumes that the market is perfectly liquid, allowing for continuous
hedging without transaction costs.

7. Known Interest Rates: Interest rates are assumed to be deterministic and known in advance.

8. No Arbitrage: The market is assumed to be free of arbitrage opportunities.

3.4 Limitations

While the local volatility model addresses some of the shortcomings of the constant volatility model, it
still has several limitations:

1. Static Nature: The local volatility surface is static and does not evolve stochastically, which may
not reflect the dynamic nature of real markets.

2. Calibration Instability: The model can be sensitive to small changes in input data, leading to
instability in the calibrated local volatility surface.

3. Forward Smile/Skew Dynamics: Local volatility models often struggle to capture the correct dy-
namics of the volatility smile/skew as time progresses.

4. Single Source of Randomness: The model assumes that all randomness comes from the underly-
ing asset price process, ignoring other potential sources of uncertainty.

5. Lack of Volatility Mean Reversion: The model does not naturally incorporate the mean-reverting
behavior often observed in volatility.

6. Computational Intensity: Implementing local volatility models can be computationally intensive,
especially for complex exotic options.
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7. Over-fitting Risk: There’s a risk of over-fitting to current market prices without capturing the true
underlying dynamics.

8. Challenges with Low Liquidity: In markets with low liquidity or sparse option data, constructing
a reliable local volatility surface can be challenging.

3.5 When to Use

The local volatility model is particularly useful in certain scenarios:

1. Exotic Option Pricing: For pricing path-dependent exotic options where capturing the volatility
smile/skew is crucial.

2. Volatility Surface Calibration: When a precise

3. Volatility Surface Calibration: When a precise fit to the market’s implied volatility surface is
required.

4. Markets with Pronounced Skew: In markets where there’s a significant volatility skew or smile,
such as equity or FX options markets.

5. Barrier and Asian Options: For pricing options whose payoffs depend on the path of the underly-
ing asset.

6. Risk Management: When calculating risk measures that require a model consistent with all ob-
served option prices.

7. Regulatory Compliance: In scenarios where regulators require models that can accurately repro-
duce market prices across all strikes and maturities.

8. Long-Dated Options: For pricing options with long maturities where the term structure of volatility
becomes significant.

9. Relative Value Trading: When identifying mispriced options relative to a consistent volatility sur-
face.

10. Structured Products: For pricing complex structured products that may involve multiple underly-
ing assets and path-dependent features.

4 Stochastic Volatility Model

4.1 Definition

Stochastic volatility models represent a significant advancement in option pricing theory by treating
volatility itself as a random process. These models acknowledge that volatility is not only variable but
also uncertain, capturing the complex dynamics observed in financial markets.

In a stochastic volatility framework, both the underlying asset price and its volatility are modeled
as stochastic processes. One of the most well-known stochastic volatility models is the Heston model,
which we’ll use as a representative example.

The Heston model is defined by the following system of stochastic differential equations:

dSt = µStdt+
√
vtStdW

1
t (9)

dvt = κ(θ − vt)dt+ σ
√
vtdW

2
t (10)

Where:
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• St is the asset price at time t

• vt is the variance (squared volatility) at time t

• µ is the drift of the asset price

• κ is the rate of mean reversion of variance

• θ is the long-term mean of variance

• σ is the volatility of volatility

• W 1
t and W 2

t are Wiener processes with correlation ρ

4.2 Key Equations

The partial differential equation (PDE) for option pricing under the Heston model is:

∂V

∂t
+ rS

∂V

∂S
+ κ(θ − v)

∂V

∂v
+

1

2
vS2∂

2V

∂S2

+
1

2
σ2v

∂2V

∂v2
+ ρσvS

∂2V

∂S∂v
− rV = 0

(11)

Where V is the option price and r is the risk-free rate.
The characteristic function of the log price in the Heston model is given by:

ϕ(u, S, v, T ) = eC(T−t,u)+D(T−t,u)v+iu ln(S) (12)

Where C and D are complex functions that can be derived analytically.

4.3 Assumptions

Stochastic volatility models, particularly the Heston model, make several key assumptions:

1. Volatility as a Stochastic Process: Volatility is modeled as a random process, allowing for more
realistic market behavior.

2. Mean Reversion in Volatility: Volatility tends to revert to a long-term average level, a behavior
often observed in financial markets.

3. Correlation between Asset Returns and Volatility: The model allows for correlation between
asset price movements and volatility changes, capturing the leverage effect observed in equity mar-
kets.

4. Non-negative Volatility: The square-root process in the Heston model ensures that volatility re-
mains non-negative.

5. Continuous Paths: Both asset price and volatility are assumed to follow continuous paths (no
jumps).

6. Risk-Neutral Pricing: The model is typically formulated in a risk-neutral framework.

7. Constant Parameters: The parameters of the model (κ, θ, σ, ρ) are often assumed to be constant,
though this can be relaxed in more advanced versions.

8. Complete Market: The model assumes that volatility risk can be perfectly hedged, which may not
be realistic in practice.
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4.4 Limitations

While stochastic volatility models offer significant improvements over constant and local volatility mod-
els, they still have limitations:

1. Complexity: These models are more complex to implement and calibrate than simpler models.

2. Parameter Stability: The model parameters can be unstable over time, requiring frequent recali-
bration.

3. Calibration Challenges: Fitting the model to market data can be challenging, often requiring
sophisticated numerical methods.

4. Limited Analytical Solutions: Closed-form solutions are available only for certain option types,
necessitating numerical methods for many exotic options.

5. Inability to Capture Jumps: Pure stochastic volatility models don’t account for sudden jumps in
asset prices or volatility.

6. Potential Overfitting: With multiple parameters, there’s a risk of overfitting to current market
conditions without capturing fundamental dynamics.

7. Assumption of Continuous Trading: Like other continuous-time models, it assumes the ability to
trade continuously without transaction costs.

8. Single Volatility Factor: Models like Heston assume a single stochastic factor driving volatility,
which may be an oversimplification for some markets.

4.5 When to Use

Stochastic volatility models are particularly useful in the following scenarios:

1. Pricing Volatility-Dependent Derivatives: For instruments like variance swaps, volatility swaps,
and options on volatility.

2. Long-Term Option Pricing: When dealing with options with long maturities where the dynamics
of volatility become crucial.

3. Modeling Volatility Smiles and Skews: In markets with persistent and dynamic volatility smiles
or skews.

4. Capturing Volatility Clustering: For markets that exhibit periods of high and low volatility.

5. Risk Management: When a more realistic representation of market dynamics is needed for com-
prehensive risk assessment.

6. Exotic Option Pricing: For complex exotic options where the interplay between asset price and
volatility is critical.

7. Markets with Leverage Effect: Particularly useful in equity markets where negative correlation
between returns and volatility is observed.

8. Multi-Asset Modeling: When dealing with multiple correlated assets, stochastic volatility frame-
works can be extended to capture complex dependencies.
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5 Model Selection Flowchart
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6 Conclusion

The choice between constant volatility, local volatility, and stochastic volatility models in option pricing
is not a one-size-fits-all decision. Each model has its strengths, limitations, and optimal use cases.
The constant volatility model offers simplicity and closed-form solutions for basic scenarios. The local
volatility model provides flexibility in fitting market prices across strikes and maturities. The stochastic
volatility model captures the dynamic and uncertain nature of volatility itself.

Practitioners must carefully consider the specific characteristics of the options being priced, the na-
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ture of the underlying market, computational resources available, and the required level of accuracy
when selecting a model. Often, a combination of models or hybrid approaches may be necessary to
address the complex realities of financial markets.

As financial markets continue to evolve, so too will the models used to price options and manage risk.
The key is to understand the fundamental principles behind each model, recognize their limitations, and
apply them judiciously in the appropriate contexts.
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